A t-(n, k, λ; q)-design is a set of k-subspaces, called blocks, of an n-dimensional vector space V over the finite field with q elements such that each t-subspace is contained in exactly λ blocks. A partition of the complete set of k-subspaces of V into disjoint t-(n, k, λ; q) designs is called a large set of t-designs over finite fields. In this paper we give the first nontrivial construction of such a large set with t ≥ 2.
Introduction
A simple t-design over a finite field or, more precisely, a t-(n, k, λ; q) design is a set B of k-subspaces of an n-dimensional vector space V over the finite field F q such that each t-subspace of V is contained in exactly λ members of B.
The study of combinatorial t-designs and Steiner systems on (finite) sets goes back to the 19th century and has a rich literature [7] . Cameron [5, 6] and Delsarte [8] extended the notions of t-designs and Steiner systems from sets to vector spaces over finite fields in the early 1970s. Recently, designs over finite fields gained a lot of interest because of applications for error-correction in networks [12] .
In 1987, Thomas [24] constructed the first nontrivial simple t-designs over finite fields for t = 2. Since then, more designs over finite fields have been constructed, see [3, 4, 9, 17, 21, 22] . Specifically, in [3] the first nontrivial t-design over finite fields with t = 3 has been found and in [4] 2-(13, 3, 1; 2) designs have been constructed. The latter ones are the first nontrivial tdesigns over finite fields with λ = 1 and t = 2. Designs with λ = 1 are called q-Steiner systems.
An LS q [N](t, k, n) large set L is a set of N disjoint t-(n, k, λ; q) designs such that their union forms the complete set of all k-subspaces of V = F n q . Large sets of designs over finite fields have been studied for the first time by Ray-Chaudhuri and Schram [19] . There, the authors used non-simple designs. In this paper we investigate the existence of large sets of simple t-designs over finite fields.
In the case of designs on sets, large sets are intensively studied objects [10, Section II.4.4] . A celebrated result by Teirlinck [23] is that large sets of designs on sets exist for all t > 0 and N > 0.
Large sets of certain t-(n, k, λ; q) designs have been intensively studied in the framework of projective geometry. In geometry, 1-(n, k, 1; q) designs are known as (k − 1)-spreads in PG(n − 1, q). A large set of 1-(n, k, 1; q) designs is called (k − 1)-parallelism of the projective geometry PG(n − 1, q). A parallelism is a 1-parallelism, i. e. k = 2.
Since 1-(n, k, 1; q) designs exist if and only if k divides n, a necessary condition for the existence of a parallelism in PG(n − 1, q) is that n must be even. Beutelspacher [2] proved the existence of a parallelism in PG(2 i − 1, q) for all i ≥ 2. Later, Baker [1] and Wettl [25] gave a construction of parallelisms in PG(n − 1, q) for n even. Penttila and Williams [18] studied PG(3, q) for q ≡ 2 mod 3 and constructed parallelisms subsuming the results presented in [16] .
Up to now, no large sets of t-designs over finite fields with t ≥ 2 have been reported. The main result of this paper is the following one: Theorem 1. Nontrivial large sets of t-designs over finite fields exist for t ≥ 2.
The theorem is proved by showing the existence of a large set consisting of three disjoint 2-(8, 3, 21; 2) designs.
The Construction of Large Sets
itself is already a design, the so-called trivial design, with parameters t-(n, k, λ max ; q), where
Hence, an obvious necessary condition for the existence of a LS q [N](t, k, n) large set is the equality λ · N = λ max . Moreover, since the blocks of a t-design also form an i-design as long as 0 ≤ i ≤ t, we have the necessary conditions
The general linear group GL(n, q), whose elements are represented by n × n-matrices α, acts on
The set of all automorphisms of a design forms a group, called the automorphism group of the design. Every subgroup of the automorphism group of a design is denoted as a group of automorphisms of the design.
. Now, a t-(n, k, λ; q) design B admits a subgroup G of the general linear GL(n, q) as a group of automorphisms if and only if B consists of G-orbits on V k
. The G-incidence matrix A G t,k is defined to be the matrix whose rows and columns are indexed by the G-orbits on the set of t-and k-subspaces of V , respectively. The entry indexed by the orbit G(T ) on
The following algorithm describes a basic approach to find large sets. A version of this algorithm for large sets of designs on sets can be found in [14, 15] .
Algorithm A. The algorithm computes an LS q [N](t, k, n) large set L consisting of N t-(n, k, λ; q) designs admitting G as a group of automorphisms. Either the algorithm terminates with a large set or it ends without any statement about the existence. Algorithm A can be implemented by a slight modification of the KramerMesner approach. We just have to add a further row to the Diophantine system of equations the following way:
The vector y = [· · · y K · · · ] is indexed by the G-orbits on V k corresponding to the columns of A G t,k . The entry y K indexed by the G-orbit containing K is defined to be one if the orbit has already been covered by a selected t-(n, k, λ; q) design. Otherwise it is zero. In every iteration step the vector y has to be updated.
A second simple approach which might be reasonable if the number of total solutions of the Kramer-Mesner system is small uses an exact cover solver [11] .
Algorithm B. The algorithm computes an LS q [N](t, k, n) large set L consisting of N t-(n, k, λ; q) designs admitting G as a group of automorphisms. The algorithm terminates with the existence statement true or false. 
The existence of 2-(8, 3, 21; 2) designs having G as a group of automorphisms has been shown previously in [3] . The large set L was constructed with Algorithm A. Each of the three designs of L consists of 127 orbits of G on the set of 3-subspaces of V = F 
Further Results
Let K ⊥ = {x ∈ V | x, y = 0 for all y ∈ K} denote the orthogonal complement of a subspace K of V with respect to the standard inner product −, − . By Suzuki [20, Lemma 4.3] we know that every t-(n, k, λ; q) design B defines a t-(n, n − k, λ
This design is called the complementary design. If a t-design admits G as a group of automorphisms, which group does the complementary t-design admit?
The orthogonal complement of a subspace corresponds to the set-wise complement of a subset in the classical situation for designs on sets. There, it is clear that the automorphism group which is a subgroup of the symmetric group remains the same, since set-wise complements commute with permutations: πK = πK.
For designs over finite fields the following lemma gives the answer.
Lemma 1. A t-(n, k, λ; q) design B admits G ≤ GL(n, q) as a group of automorphisms if and only if the complementary t-(n, n − k, λ ⊥ ; q) design B ⊥ admits H = {α T | α ∈ G} as a group of automorphisms.
Proof. We have
Since the mapping α → (α T ) −1 defines a group isomorphism between G and H the orthogonal complement maps orbits G(K) of The orthogonal complement defines a bijection between the set of k-and (n−k)-subspaces, and hence a partition of V k into t-(n, k, λ; q) designs yields a partition of V n−k into t-(n, n − k, λ ⊥ ; q) designs. Finally, the existence of an LS q [N](t, k, n) large set implies the existence of an LS q [N](t, n − k, n) large set.
Taking the orthogonal complements of each orbit representative of the 2-(8, 3, 21; 2) designs given in the Tables 1, 2 , and 3, we obtain representatives of disjoint 2-(8, 5, 21; 2) designs forming an LS 2 [3] (2, 5, 8) large set, where each design is admitting a Singer cyclic group as a group of automorphisms by Lemma 1.
